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Abstract. We show how to reduce, under certain regularities conditions, a 
Poisson-Nijenhuis Lie algebroid to a sympIectic-Nijenhuis Lie algebroid with 
a nondegenerate Nijenhuis tensor. We generalize the work done by Magri and 
Morosi for the reduction of Poisson-Nijenhuis manifolds. The choice of the 
more general framework of Lie algebroids is motivated by the geometrical study 
of some reduced bi-Hamiltonian systems. An explicit example of reduction of 
a Poisson-Nijenhuis Lie algebroid is also provided. 



1. Introduction 

Poisson-Nijenhuis structures on manifolds were introduced by Magri and Morosi 
[14] and then intensively studied by many authors [8, 10, 17, 19, 20]. Recall that 
a Poisson-Nijenhuis manifold consists of a triple (M, A, N), where M is a manifold 
endowed with a Poisson bivector field A and a (l,l)-tcnsor N whose Nijenhuis 
torsion vanishes, together with some compatibility conditions between A and N. 
Poisson-Nijenhuis manifolds are very important in the study of integrable systems 
since they produce bi-Hamiltonian systems [H, 10, 14]. In particular, Magri and 
Morosi showed how to reduce a Poisson-Nijenhuis manifold to a nondegenerate 
one, i.e., one where the Poisson structure is actually symplcctic and the Nijenhuis 
tensor is kernel-free. In this paper we show how to perform the same process of 
reduction in the more general framework of Lie algebroids. This type of structures 
have deserved a lot of interest in relation with the formulation of the Mechanics 
on disparate situations as systems with symmetry, systems evolving on semidirect 
products, Lagrangian and Hamiltonian systems on Lie algebras, and field theory 
equations (see, for instance, [2, !)] and the references therein). 

More precisely, in this paper we will see how to reduce a Poisson-Nijenhuis Lie 
algebroid to a symplectic-Nijenhuis Lie algebroid with a nondegenerate Nijenhuis 
tensor. One could wonder about the interest of such a generalization. However, 
we show that working in the framework of Poisson-Nijenhuis Lie algebroids one 
may understand the geometrical structure of some physical examples related with 
bi-Hamiltonian systems and hence it is not a mere academic exercise. Indeed we 
present, as a motivating example, the study of the classic Toda lattice which, as 
is well known, admits a Poisson-Nijenhuis structure on M^". Nevertheless, when 
switching to the more convenient Flaschka coordinates, one sees that the Poisson- 
Nijenhuis structure is lost, since there is no more a recursion operator connecting 
the hierarchy of Poisson structures. Nevertheless, the Poisson-Nijenhuis structure 
can be recovered if the system is described as a Lie algebroid (see also [1]). 
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The paper is organized as follows. In Section 2 we recall the notion of Poisson- 
Nijenhuis Lie algebroid. The introduction of this structure is then motivated by 
describing the example of the Toda lattice (see [1]). Moreover, we show how this 
example can be framed in a more general case by considering a G-invariant Poisson- 
Nijenhuis structure on the total space M of a G-principal bundle. Such a structure, 
in general does not induce a Poisson-Nijenhuis structure on M/G. Nevertheless, 
it gives rise to a Poisson-Nijenhuis Lie algebroid on the associated Atiyah bundle, 
which allows to build the bi-Hamiltonian system in the reduced space M/G. In 
the following sections we present the reduction of Poisson-Nijenhuis Lie algebroids. 
The reduction process is carried on in two steps. The first step, described in Section 
3, consists in selecting a generalized foliation D = pa{P^A*) on the given Poisson- 
Nijenhuis Lie algebroid (A, [•, -J^ , p^, P, A^) and then showing that restricting on 
each leaf L oi D one obtains a symplectic-Nijenhuis Lie algebroid structure. The 
leaves of the foliation D are generally larger than those of the symplectic foliation 
of the induced Poisson structure on the base manifold. In Section 4 we deal with 
Lie algebroid epimorphisms introducing the notion of projectability of Poisson- 
Nijenhuis structures. We prove that given a projectable Poisson-Nijenhuis structure 
on a Lie algebroid and a Lie algebroid cpimorphism we obtain a Poisson-Nijenhuis 
structure on the target Lie algebroid. Finally, we introduce the notion of Poisson- 
Nijenhuis Lie algebroid morphism. In Section 5 we study the reduction of a Lie 
algebroid by the foliation generated by the vertical and complete lifts of the sections 
of a Lie subalgebroid using an epimorphism of Lie algebroids. In Section 6, we use 
the previous constructions to obtain a reduced symplectic-Nijenhuis Lie algebroid 
with a nondegenerate Nijenhuis tensor from an arbitrary symplectic-Nijenhuis Lie 
algebroid, under suitable conditions. In this way we complete the second and final 
step of the process of reduction. By putting together the two steps, we obtain our 
main result, which is the following one. 

Theorem. Let {A, , pA, P, N) be a Poisson-Nijenhuis Lie algebroid such that: 
i) The Poisson structure P has constant rank in the leaves of the foliation 

d = pa{pKa*)). 

If L is a leaf of D, then, we have a symplectic-Nijenhuis Lie algebroid structure 
,PA,,f^L,iVi) onAL^PKA*)\L^L. 
Assume, moreover, that 
ii) The induced Nijenhuis tensor '■ Al — > A^ has constant Ricsz index k; 
Hi) The dimension of the subspace = keriV^' is constant, for all x ^ L (thus, 

B = keriV| is a vector subbundle of A ); 
Hi) The foliations Pa{B) and J^^ are regular, where 

{T'')a = {X^\a) + Y'^'{a)/X,Y e r(S)}, for a e Al 

iv) (condition -F^) For all x G L, Ox — a'^ E B^ if Ox and a'^ belong to the 
same leaf of the foliation J-^ . 
Then, we obtain a symplectic-Nijenhuis Lie algebroid structure 
'/^Al'^i'^i) '"^ vector bundle A^ = Al/F^ — s> L = L/pAj:^{B) with 
Nl nondegenerate. 

The Magri-Morosi reduction (see [14]) of a Poisson-Nijenhuis manifold M is re- 
covered from this result when we consider the tangent bundle TM with its standard 
Lie algebroid structure. 

The last section of the paper contains an explicit example of reduction of a 
Poisson-Nijenhuis Lie algebroid which illustrates our theory. This is obtained by 
considering a Lie group G which is the semidirect product of two Lie groups. We 
construct a G-invariant Poisson-Nijenhuis structure on the cotangent bundle T*G 
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and then we obtain a Poisson-Nijenhuis structure on the associated Atiyah Lie 
algebroid which is degenerate. Thus, it may be effectively reduced, according to 
our main theorem. 

2. POISSON-NlJENHUIS LlE ALGEBROIDS: A MOTIVATING EXAMPLE 

In this section we will motivate the introduction of the notion of Poisson-Nijenhuis 
Lie algebroids with a simple example: the Toda lattice. Firstly, we recall some no- 
tions and results about Lie algebroids. 

A Lie algebroid is a vector bundle ta- A M endowed with 

(i) an anchor map, i.e. a vector bundle morphism pA'- A TM 

(ii) a Lie bracket [•, -J^ on the space of the sections of A, T{A), such that the 
Leibniz rule, 

[X,fY]^^ f[X,Y]^+PAiX)if)Y, 
is satisfied for ah X,Y e T{A) and / £ C°°{M). 
We denote such a Lie algebroid by {A, [■, -J^ , pa) or simply by A. In such a case 
the map pA induces a morphism of Lie algebras from {T{A), [■, -J^) to [•, •]) 

which we denote by the same symbol. For further details about Lie algebroids see 
e.g. [fl]. 

Now, we describe some examples of Lie algebroids which will useful for our 
purposes. 

Example 2.1. The standard Lie algebroid structure on the tangent bun- 
dle of a manifold. The tangent bundle TAL of a manifold M is a Lie algebroid. 
The Lie bracket on the space of sections of TM M is the standard Lie bracket 
of vector fields and the anchor map is the identity map. 



Example 2.2. The Atiyah algebroid associated with a principal G-bundle. 

Let p : A/ — 7> M/G be a principal G-bundle. It is well-known that the tangent lift 
of the principal action of G on M induces a principal action of G on TAI and 
the space of orbits TM/ G of this action is a vector bundle over M/ G with vector 
bundle projection Ttm/g '■ TM/G — t- M/G given by 

7"TM/G (Kl) = p{x), Vvx e T^:M. 

Furthermore, the space of sections T{TM/G) may be identified with the set of G- 
invariant vector fields on M and the Lie bracket of two G-invariant vector fields on 
M is still G-invariant. Thus, the standard Lie bracket of vector fields induces a Lie 
bracket [•, -Itm/g '^'^ space T{TM/G) in a natural way. 

On the other hand, the anchor map ptm/g '■ {TM)/G — > T{M/G) is given by 

Ptm/gH'^x]) = {T^p){vx), for e T^M, 

where Tp : TM — > T{M/G) is the tangent map to the principal bundle projection 
p:M^ M/G. 

The resultant Lie algebroid {{TM) /G,[-, , ptm/g) is called the Atiyah 

algebroid associated with the principal G-bundle p : M ~¥ M/G. 

If {A, [•, -J^ , Pa) is a Lie algebroid on the manifold M, we denote by 

d^ ■ r(A'A*) ^r(A'+M*) 

the Lie algebroid differential (see [U]). Moreover, if AT is a section of A, one may 
introduce, in a natural way, the Lie derivative with respect to X as the operator 
: r(AM*) ^ r(AM*) given by 

(1) Cj^^ixod^' + d^otx- 



4 ANTONIO DE NICOLA, JUAN CARLOS MARRERO, AND EDITH PADRON 

It is easy to prove that the Lie derivative Cj^ and the Lie bracket [■,-]a ^^'^ related 

by 

(2) C^iy = iyCj^ + Hx.Y]^, with X,Y e T{A). 

The Lie algebra bracket [•, on r(j4) can be extended to the exterior algebra 
{T{A*A). The resulting bracket is called Schouten bracket (see e.g. [11]). So, in 
the case of the bracket of a section X oi A M and a section R on A^A — >■ M, we 
have that 

r 

(3) [X,R]Aiai,...,ar) = pAiX){R{ai, . . . ,ar)) - R{ai, CxCtj, . . . , q^) 

for ai, . . . ,ar S r(^*). 

Now, let P be a section of the vector bundle /\^A M . We denote by the 
usual bundle map 

(4) P« : A* — > A, a I — > P^{a) = i^P. 

We say that P defines a Poisson structure on A if [P,P]a = 0. In this case, the 
bracket on the sections of A* defined by 

(5) [a,/?]p = /:^,„/3-/:^,^«-d^(P(a,/3)), a,/3eT{A*), 

is a Lie bracket, P" : {T{A*), [•, ■]p) — > {T{A), [•, -J^i) is a Lie algebra morphism and 
the triple A*p = {A*, [■, ■]p , oP*) is a Lie algebroid [12]. In fact, the pair {A, A*p) 
is a special kind of a Lie bialgebroid called a triangular Lie bialgebroid [12]. A 
Poisson structure P € r(A^A) on a Lie algebroid {A, [■, -J^ ,pa) induces a Poisson 
structure A e r(A^TA/) on the base manifold M, defined by 

(6) A»=pAoPKp\. 

A symplectic structure on the Lie algebroid (A, [•,-]^,p^) is a section il^ of the 
vector bundle a'^A* — > AI such that d'^riyi = and ^Ia is nondegenerate. In such 
a case, the map fi^ : r(A) ^ r(A*) given by 

n\{x) = ix^A, for X e r(A), 

is an isomorphism of C°°(A/)-modules. Thus, one can define from ft a a Poisson 
structure 

(7) PnAc^,l3)^^Am'A)-Ha),{n^Ar\f3)), for a, /3 e r(A*). 

Let {A, [•, •]^ , Pa) be a Lie algebroid over a manifold M. The torsion of a bundle 
map N : A —i' A (over the identity) is defined by 

(8) Tn{X,Y) ■.^[NX,NY]a^ N[X,YU, X,YeT{A), 
where [•, -Ijv is given by 

(9) [X,Y]n ■.= [NX,Y]a + [X,NY]a-N[X,Y]a, x,Yer{A). 

When Tzv = 0, the bundle map N is called a Nijenhuis operator, the triple 
An = {A, [•,-]jy ,pAr = poN) is a new Lie algebroid and N : An — >• A is a Lie 
algebroid morphism (see [.3, 8]). 

Now, if P S r(A^A) is a Poisson structure on A, we say that a bundle map N : 
A ^> A is compatible with P if iVoP" = pl* oiV* and the Magri-Morosi concomitant 

(10) C(P,iV)(«,/3) = [a,/3]j^p-[«,/3]f , for a, /3 e r(A*) 

vanishes, where [•, •]^p is the bracket defined by the section A^P G r(A^j4) in a 

similar way as in (5), and [•, •]p is the Lie bracket obtained from the Lie bracket 
[•, •]p by deformation along the dual map A^* -.A* — > A*, i.e., 

(11) [a, I3]p' = [A*a, l3]p + [a, N* P]p ^ N* [a, /3]p . 
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Definition 2.3. ([3, 8]) A Poisson-Nijenhuis Lie algebroid {A,P,N) is a Lie alge- 
broid A equipped with a Poisson structure P and a Nijenhuis operator N : A ^ A 
compatible with P. 

A Poisson-Nijenhuis structure on a manifold M [14] may be seen as a Poisson- 
Nijenhuis Lie algebroid structure on the tangent bundle TM with its standard Lie 
algebroid structure. 

If, in particular, the Poisson tensor P in Definition 2.3 is nondegenerate, i.e. it 
comes from a symplectic structure on A like in (7), then {A,ilA, N) is said to 
be a symplectic- Nijenhuis Lie algebroid. This is the case of two compatible Poisson 
2-sections Pq and Pi, where Pq is associated with a symplectic structure. 

Example 2.4. The Toda lattice. The finite, non-periodic Toda lattice (see, 
for instance, [1, 10, 15]) is a system of n particles on the line under exponential 
interaction with nearby particles. Its phase space is M^" with canonical coordinates 
{q^^Pi) where is the displacement of the i-th particle from its equilibrium position 
and Pi is the corresponding momentum. This system is particularly interesting when 
we consider exponential forces. Then, the Hamiltonian function associated with the 
equations of motion is 



_j n n—1 



2 

i=l 



Now, we consider the following two compatible Poisson structures on R 

d . _d_ 

^ ^9(7* dq^ dq^ dpi dpi+i dpi 

which determine the Poisson-Nijenhuis structure {N = A* o (Aq)~^,Ao), whose 
Nijenhuis tensor N is characterized by 

,w 9 , d „i-i „t d „. d 



'dq' dq' dpi-i dpi+i 

N(—) ~ — vA_vA 



"-dpi dpt ^ dqJ 



Note that Aq is the Poisson bivector corresponding to the canonical symplectic 
uctui 
In fact, 



structure of M^". Furthermore, the Hamiltonian vector field "H^^ is bi- Hamiltonian, 



= A«(diJi) = A»(dffo), 

with iJo = Z]^=lP' ■ 
In what follows, we will reduce the bi-Hamiltonian structure of the Toda lattice 
using the action of R over R^" given by 



X R2" — > R2" 



{t,{q\pi))^{q' +t,p,) 
which induces the principal bundle 

TT : R2" — > R2" /R. 
Note that R2"/R may be identified with (R+)""^ x R" by 
(13) R2"/R (R+)"-i X R", {q\p,) ^ (e(«'-?'*'),p,)- 
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This identification corresponds to the choice of the so called Flaschka coordinates 
which are actually global coordinates on R^"/M, usually denoted by (ai, . . . , a„_i, 
bi, . . . ,bn). The Poisson structures Aq and Ai are R- invariant so that they descend 
to the quotient R^'' /R = x K". The reduced Poisson structures are 

n— 1 ^ 

1— 1 

(14) A. . A 

2— 1 
Ji-1 o 



d 




db^ 


dbi+i J ' 


h ^ 




''db. 




d 


11-2 

2=1 ' 



d d 

A 



95;+ 1 dbi ^ doi+i da^ 



These bivectors are again compatible and moreover we obtain by projection a hier- 
archy of compatible Poisson structures on the reduced space. However, they cannot 
be related through a recursion tensor N. Indeed, if this were the case, then 



n n 

Thus, usinff that A^(^ dbi) = 0, we deduce that dbi) = which is not true. 

i=l i=l 

The problem is that if we want to induce a tensor N : T(M2»/M) ^ T(R2"/M) 
it is necessary that the tensor N on R^" sends vertical vectors with respect to tt : 
R^" — !■ M^"/R into vertical vectors. Note that Ao and TV are R-invariant. However, 
d 

using kcvT-K ~< — — > and (12), one deduces that NCkcvTT:) ^ kcrTTr . 
Furthermore, the Hamiltonian vector field projects just in "H^" and 



A»d7?i = -H^" = AjdiJo 

n-l 

2 



^ n n—1 n 

with Hi = - "^bi +'^ai and Hp = y^bi 



i—1 i—1 i—1 

These facts suggest that, although the structure of Poisson-Nijenhuis can not be 
reduced, perhaps there exists another structure in a different space from which we 
may induce the above structures on the reduced space R^"/R. The answer to this 
question is associated with the notion of a Poisson-Nijenhuis Lie algebroid. 

We will describe now the Poisson-Nijenhuis Lie algebroid associated to the re- 
duction of the Toda lattice. Consider the Atiyah algebroid ta : A = (TR^")/R -> 
R2'7R associated with the principal bundle tt : R^" ^ R2"/R. 

A global basis of R-invariant vector fields on R^" is 

Note that 

h,ej] = = [cijj] = 

for i,j G {1, . . . , 7i}. Moreover, the vector field Cfc, with fcG{l,...,n — 1} (respec- 
tively, //, with I G {l,...,n}) is 7r-projectable over the vector field — — r (respec- 
d 

tively, -g^) on (M+)"~^ x M". In addition, the vertical bundle of tt is generated by 
the vector field e„. 

Thus, the Lie algebroid structure ([•, -Ja, Pa) on A is characterized by the follow- 
ing conditions 
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[Ci, Gj]^ — [fi, fj\j^ — [Ci, /j]^ — 0, 

and 

d d 
We may define tlie following two Poisson structures on A 

n-1 

TTo = gje^ A {fi - /t+i) + e„ A /„ 

i=l 

n~2 n— 1 

TTi = - ^ OiCi+iei A e,;+i - a„_ie„_i A e„ + ^ flie,; A - 

1=1 i=l 
n-1 

+&nen A /n - ^ Oi/i A /j+i- 
i=l 

These Poisson structures cover ordinary Poisson tensors on the base manifold 
R^"/R which are just the Poisson structures Ag and Ai given by (14). Since ttq 
is symplectic, the Poisson structures on A are related by the recursion operator 
N = 'k\ o(7rQ)~^ and {A,-kq,N) is a symplectic-Nijenhuis Lie algebroid. 

This example may be framed within a more general framework as follows. 

Let p : M — > M = M/G be a principal G-bundle. If a G- invariant Poisson- 
Nijenhuis structure (A, N) is given on M, then in general we cannot induce a 
Poisson- Nijenhuis structure on Af/G since the condition NikeiTp) ^ kerTp might 
not be satisfied. Nevertheless, we obtain a reduced Poisson-Nijenhuis Lie algebroid. 
In fact, as we know, the space of sections of p : TM/G M = M/G (respectively, 
p* : (TM/G)* ^ T*M/G M = M/G) may be identified with the set of G- 
invariant vector fields X'^(M) (respectively, G-invariant 1-forms il^{M)^) on M. 

Now, since A and N are G-invariant, we deduce that 

A(a,/3) is a j»-basic function, for a,f3 ^ Q^{M)'^ 

and 

NX e X^{M), for X e X^{M). 

Thus, A (respectively, N) induces a section A (respectively, N) on the vector bundle 
a2(TA//G) ^ AI = M/G (respectively, TM/G (g) T*M/G M = M/G) in such 
a way that 

A(a, /3) op = A(a, /3) for q, /3 £ ^^(Af)'^, 
NX = NX, for X E X^(A/). 

Moreover, using the definition of the Lie algebroid structure on the Atiyah algebroid 
p : TM/G M = M/G and the fact that (A, N) is a Poisson-Nijenhuis structure 
on M , we may prove the following result 

Proposition 2.5. Let p : M M = M/G be a principal G-bundle and {A, N) be 
a G-invariant Poisson-Nijenhuis structure on M . Then: 

i) (A, N) induces a Poisson-Nijenhuis Lie algebroid structure (A, N) on the 

Atiyah algebroid p : TM/G M = M/G 
ii) The Poisson structures A and NA on M are p-projectable to two compatible 

Poisson structures A and NA on M = M/G. 
Hi) The Poisson structures on M = M/G which are induced by the Poisson 
bi-sections A and NA on the Atiyah algebroid p : M ^ M ^ M/G are just 
A and NA, respectively. 
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3. Reduction of Poisson-Nijenhuis Lie algebroids by restriction 

We consider the Poisson-Nijenhuis Lie algebroid A ~ (T]R^")/R associated with 
the Toda lattice. It is easy to prove that if we restrict to a suitable open subset of the 
base manifold M^n/R then A = (TR2")/k is a symplectic-Nijenhuis Lie algebroid 
with a nondegenerate Nijenhuis tensor. The main result of this paper is prove that, 
under regularities conditions, every Poisson-Nijenhuis algebroid may be reduced to a 
nondegenerate symplectic-Nijenhuis Lie algebroid. This reduction has two steps. In 
the first step we obtain a symplectic-Nijenhuis Lie algebroid, and then we will reduce 
it to a symplectic-Nijenhuis Lie algebroid with a nondegenerate Nijenhuis tensor 
using a general theory about the projectability of a Poisson-Nijenhuis structure 
with respect to a Poisson-Nijenhuis Lie algebroid epimorphism. In this section we 
will describe the first step which is a reduction by restriction. Previously, we recall 
some notions about Lie algebroid morphisms which will be useful in the sequel. 

3.1. Lie algebroid morphisms and subalgebroids. Let ta - A ^ M and t^: A ^ 

M be vector bundles. Suppose that we have a morphism of vector bundles {F, f) 
from A to A: 




A section A, X : M — > A, is said to be F-projectable if there is X G r(^) such 
that the following diagram is commutative: 




A section a: M ^ a''A* of t^, : A*"' A* M is said to be F-projectable if there is 
a e r(A'^^*) such that a ~ F*a, where F*a. e r(A'^A*) is defined by 

(15) (F*5)(x)(ai, . . . , afc) = 5(/(a;))(F(ai), . . . ,F(afc)) 

with X G M and ai, . . . , a/j € Ax- 

Now, we consider Lie algebroid structures ([•, -J^ , pa) and ([•, , p^) on A and 
A, respectively. We say that (i^, /) is a Lie algebroid morphism if 

(16) d^(i^*3) = F*(d^5) for all 5 e r(A'=l*) and all fc. 
Any Lie algebroid morphism preserves the anchor, i.e., 

(17) p^oF^TfopA. 

Moreover, if X and Y are F-projectable sections on X and F, respectively, it follows 
that [X, F]^ is a F-projectable section on 
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In addition, if X g r(A) is F-projectable and a e T{A*), then C^{F*a) is a 
i^-projectable section of A* . In fact, using (1) and (16), we have that 

(18) C^{F*a)^F*{cia), 

where X er{A) satisfies FoX = Xof. 

Note that if M ~ M and / is the identity map for M, then F : A ^ A is a Lie 
algebroid morphism if and only if 

(19) F [X, Y]^ = [FX, FY]j^ , pj^{FX) = pa{X) 
for X,Y £ T{A). 

A Lie subalgebroid is a morphism of Lie algebroids F. B ^ A over l : N ^ M 
such that L is an injeetive immersion and I\b^ : —5- ^t(a;) is a mononiorphism, 
for al\x & N (see [(>]). 

3.2. The first step of the reduction: Reduction of Poisson-Nijenhuis Lie 
algebroids by restriction. Let {A, P) be a Poisson Lie algebroid. In order to 
reduce A to a symplectic Lie algebroid, let us consider the generalized distribution 
D C TM defined as follows: for each x £ M, 

D{x) := Pa{PKAI)) C T,A^. 

bmce and Pa are Lie algebroid morphisms over the identity idM : M — > M, we 
have 

[pA{P^a),pA{P^P)] =Pa{P^ [a,/3]p), 

for any q;,/3 G r(^*), i.e. D is involutive. Furthermore, D is locally finitely 
generated as a C°°(Af )-module. As a consequence D defines a generalized foliation 
of M in the sense of Sussmann [18]. Note that, due to (6), the tangent distribution 
S = A'^(T*M) of the symplectic foliation of the induced Poisson structure A € 
T{a'^TM) on the base manifold M is a subset oi D = pAiP^A*)). 

Let L C M be a leaf of the foliation D and consider the subset Al -.^ P'^{A*)^]^ C 
A. We assume that the Poisson structure P'^ : A* ^ A has constant rank on each 
leaf L. Then, A^ ^ L is a vector subbundle of the vector bundle A — > M and, 
since that pa(^l) Q TL, we deduce that the Lie algebroid structure ([•, •]a,Pa) on 
A induces a Lie algebroid structure ([•,•] At , PAl ) on Al. In fact, pal = iPA)\AL 
and the Lie bracket [•, ■]aj^ is characterized by the condition 

[P«a|i,P«/3|i]^^ = ( [P«a,P« /3]^)|i = (P» [a,/3]p)|i 

for all G r{A*). Note that if a, a' G T{A*) and P"(a)|L = ^'"(a')|L then, using 
that the restriction to L of pa(P''(/3)) is tangent to L, we obtain that 

([P«a,P»/3]^)|i-([P«a',P«/3]^)|i. 

Furthermore, if we denote by / : A^ A and l : L ^ M, respectively, the 
inclusion mappings of Al in A and of L in A/, then / is a monomorphism of Lie 
algebroids from Al to A over l : L ^ M so that Al is a. Lie subalgebroid of A. 

Now, we will prove that the Lie algebroid Al is symplectic. 

Note that for any Xl G ^{Al) there exists a section a G r{A*) such that Xl 
/-projects on P'^a, i.e., I oXl = P^aoL. 

Let us define a section ; L — > f\^A*^ by setting 

(20) ^L{XL,YL)^P{a,l3).L, foranyAL,ri Gr(AL) 

a,/? being sections of A* such that X^, and Yl /-project on P'^a and P"/?, respec- 
tively. Clearly, fl^ is well defined. Indeed, if P'aot = P'a'ot then P{a,/3)oL = 
P(a',/3)oi, for aU /3 G r(A*). 
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Moreover, is nondegenerate. Note that ii Xl € T{Al), 

and nL{XL,YL) = 0, for aU Yl G T{Al), then P^aoL and therefore Xl = 0. 
Hence, ^II is an almost symplectic structm-e on A^. 

In order to show that f2i is symplectic, we will prove the following Lemma. 

Lemma 3.1. Let Xl,Yl be sections of A^ and a,/? G T(A*) such that loX^ = 
a aL ana en: 

(z) QUXl) = -Pa, 

in) t[x,^Y,],^nL = CilfSL - C^^aL + d-4-(P(a,/3) oi), 
where = ix^^L and (5l = ix^^L- 

Proof, [i) If Yl G ^(Al) is a section of Al which /-projects on P"/?, for some 
/3 € r(A*), then 

n^LiXLWL) = (/3oO(P«aoA) = -(aoi)(P«/3oA) = -{a.L){IoYL) = -Pa{YL). 
(ii) Note that, since (/, l) and P'^ are Lie algcbroid morphisms, we have 

So, by (i) we obtain 

(21) iyx,.Yr,U^^L = -r[a.P]p. 

Now, from (5), (18) and (21) we obtain the claim. □ 

Proposition 3.2. The 2-section on A^ defined by (20) is symplectic. 

Proof. We have only to prove that £7^ is closed. In fact, for any Xl, Yl G T{Al), 
we have 

iXr.^Yr.d'^^^L = IX.C^^-^L - ix^d'^^lY^^L 

(22) ^ 

= ^y'^^Xz.^l + i[XL,Y,^\A^^L -ix^d "-iYL^L, 

where we have used (1) and (2). 

By applying Lemma 3.1, from (22) we get 

ix, tY,d^^nL= d^^ zx^ /3l + d^M^(a, /3) ° = 0. 

□ 

Now, we consider a Nijenhuis operator iV : A ^ on the Lie algebroid A which 
is compatible with the Poisson structure P. Using the compatibility condition 
AToPtt = pKN*, we may induce by restriction a new operator Nl '. Al Al on 
Al such that 

(23) loNLiXL) ^ N{P^a)oL, for all G r(^L) 

where a G r(^*) is a section of A* such that Xl /-projects on P'o;. 
Note that, from (23), we deduce that 

(24) IoNl^NoI 
which implies that 

(25) NKPa) = /*(iV*a), for a G r(^*). 

Theorem 3.3. Let {A,P,N) be a Poisson-Nijenhuis Lie algebroid such that the 
Poisson structure has constant rank in the leaves of the foliation D = pa{P'^{A*)). 
Then, we have a symplectic- Nijenhuis Lie algebroid {Alj^Il, Nl) on each leaf L of 
D. 
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Proof. From Proposition 3.2, we deduce that (Alj^Il) is a symplectic Lie al- 
gebroid. Denote by Pl the Poisson structure corresponding to I^l, defined by 
p| := —(51^)^^. Note that, using Lemma 3.1, we have that 

(26) PL{ra,rp) = P{a,/3)ci, for aU a, /3 £ r(A*). 

Next, wc prove that is a Nijcnhuis operator compatible with P^. Indeed, 
firstly consider , Yl sections of Al ■ Then, there are a and (3 sections of A* such 
that Xl and Yl /-project on P^a and P"/?, respectively. Thus, using (24) and the 
fact that (/, l) is a monomorphism of Lie algebroids, we deduce that 

(27) / o Tn, (Xi , ) = Ttv (P«a, P«/?) o t = 0. 

On the other hand, for a E r{A*), we consider the section Xl G T{Al) defined 

by 

IcXl = P*aot. 
Using Lemma 3.1 we deduce that 

(28) Pl{ra)=XL. 

Now, from (23) and since iV oP' = pf oiV*, it follows that 

IiNLiXL))=PHN*a)ot. 

Therefore, using again Lemma 3.1, we obtain that 

Pl{I*{N*a)) = Nl{Xl) - 7Vl(p1 (/*«)) 

which implies that (see (25)) 

Pl{Nlira)) = NUPl{ra)). 

This proves that pIoNI = NloP^. 

Finally, from (10), (11), (18), (23), (26) and using that iVoP» = P« oiV* and the 
fact that (/, t) is a Lie algcbroid monomorphism, wc conclude that 

= r (C(P, N){a, /?)) - CiPL,NL){I*a, /*/?) oi, 

for a,/3 e r{A*). 

This ends the proof of the result. 

□ 

4. Reduction of Poisson-Nijenhuis Lie algebroids by epimorphisms of 

Lie algebroids 

In order to complete the process of reduction, we now deal with the general 
problem of the projectability of a Poisson-Nijenhuis structure on a Lie algebroid 
with respect to a vector bundle epimorphism. 

Let TA : A — > M and r^: A — > Af be vector bundles on the manifolds M and M, 
respectively, and let (11, tt) be an epimorphism of vector bundles. 




i.e., the map tt : il/ — > M is a surjcctive submersion and, for each x £ M, II^ : A^ 
A^(^) is an epimorphism of vector spaces. 
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Denote by Tp{A) (respectively, Tp{A*)) the space of the E-projectable sections 
of A (respectively, of A*). In [7] a characterization is found to establish when a 
vector bundle epimorphism is a Lie algebroid epimorphisni. 

Proposition 4.1. (see [7]) Let (H, tt) : A ^ A be a vector bundle epimorphism. 
Suppose tfiat ([•, -J^ , pa) is a Lie algebroid structure over A. Then, there exists a 
unique Lie algebroid structure on A such that (11, tt) is a Lie algebroid epimorphism 
if and only if the following conditions hold: 

i) The space Tp{A) of the li-projectable sections of A is a Lie subalgebra of 

(r(A),[-,.]^) and 
ii) r(kern) is an ideal ofTp[A). 

In such a case, the structure of Lie algebroid over A is characterized by 

(29) [l,y]^o^ = no p^{x){J)on = pa{x){Jott), 

where X,? e r(I), / G C°°(M) and X,y e V{A) arc such that 

Note that the real function pA{X){f ott) on M is basic with respect to tt (see [7]). 

Let {A, [•, , pa) and {A, [•, , p^) be Lie algebroids over M and M, respec- 
tively, and let (11, tt) : A Ahe an epimorphism of Lie algebroids. We denote by 
Vtt the vertical subbundle of tt: M ^ Af. Then, pA{KerW) C V-k (see (17)). 

We can always find a local basis {£,i,Xa] of sections of A such that G T{KerI{), 
for all i, and Xa is a Il-projectable section, for all a. Indeed, to obtain such 
a base we choose a bundle metric on A which gives us the decomposition A = 
Kerii © {KerlV}^ where (i^erll)-'- is the orthogonal complement defined by the 
chosen metric. Then we consider a local basis {^i} of sections of KerIi and a 
local basis {Xa\ of sections of A. It follows that {S_i,Xa ~ ^a^^ where X^ is 
the horizontal lift of Xa, is a local basis of sections of A. Furthermore, note that 
if {rji,aa} is the dual basis of {^i,Xa}, then aa = n*5!a. where {Sq} is the dual 
basis of {Xa] in A. By using these tools we can prove the following results about 
projectable sections of A and A* . 

Proposition 4.2. Let (11, tt) : A ^ A be an epimorphism of Lie algebroids and 
suppose that X S r(A) and a G T{A*). Then, 

i) If X is a H-projectable section of A, then [$^,X]^ G r(A'ern) for any 
^ G T(KerlV). Moreover, if a is aH-projectable section of A* , thena{^) ~ 
and C'^a = 0, for any ^ G r(i^ern). 

ii) Assume that pA{KerIl) = Vn. Then, 

a) X is a H-projectable section of A if and only if [^,X]^ G T{KerIl), 
for any ^ G r(i^er'n). 

b) a is a H-projectable section of A* if and only if a{£) = and C^a = 0, 
for any ^ G V{Kerll). 

Proof. The first part of i) is a consequence of Proposition 4.1. 

Assume that there exists a G V{A*) such that a = Wa. If ^ G T{Ker\l) then 
q(^) = n*5(0 = and, by using (18), 

Cfa = CfXTa ^ 0. 

To prove ii) we proceed as follows. Let j^;, Xa} be a local basis of sections of A 
such that G T{KerTl), for all z, and Xa is a Il-projectable section over Xa G r(A) 
for all a. 
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a) Suppose that X e r{A) is such that [C-'^Ia & r(kern), for any ^ G 
r(kern). If 

X = fCi + F^Xa with f,F'' local C°°-functions on M 
then, by using Proposition 4.1, we have that 

= Ho [e„X]^ ^Uo{pA{id{F-)Xa) = pAiC^KF^iXaoTT). 

So, if Z g VxTT, with X G A/, then there exists ^ G T{KerlV) such that 
Z = pa{S,){^) and therefore 

Z(F'')=p^(O(F°)(x) = 0. 
We conclude that there exists F°- G C°°{M) such that 

and X is a Il-projectable section of A. 

b) Assume that a is a section of A* such that a(^) = and C^a = 0, for any 
^ G r(iirern). Let {rji,Il*aa} be the dual basis of {£^i,Xa}- Thus, 

a = g'ri^+a''Il*aa, with g\a'' G C°°(Af). 

As a{^i) — 0, we deduce that g' = 0. On the other hand, using (2) and 
Proposition 4.1, 

As before, this implies that cr" = ct^ott for some function G C°°{M). 
Hence, a is Il-projectable. 

□ 

We consider now a section P of the vector bundle A^A ^ Af . P is said to be 
Il-projectable if, for each a G T{A*), we have P'n*^ G Tp{A). 

Proposition 4.3. Let (n,7r) : A A be an epimorphism of Lie algebroids. If 
P G r(A^A) is U-projectable, then 

(30) {[^,P]A)\Tp{A*))cr{Kern) 

for any ^ G T^KerU). Moreover, if pA{KerIl) — Vt:, then P is U-projectable if 
and only if (30) holds. 

Proof. Assume that P is Il-projectable. Then, for any a G Tp{A*) and ^ G 
r{KerlV), by using (4) and Proposition 4.2 we have 

{[^,P]A)Hc^)^[^,P^(^]A~P^Cfa 

= [tP^a]A e T{KerU). 

Now, we suppose that P satisfies (30) and pA{KerlV) = Vtt. Consider a local 
basis of sections {£,i,Xa} of A such that G r{KerIl) and Xa G rp(A). Let 
{rii,Il*aa} be the dual basis of {^i, A"a}. We have 

P"n*5a = ./af< + -F'a^!), ^ith local real C°°-functions on M. 

Note that F^^ = -F^. 

By using Proposition 4.2 we have 

=no(([e,p]A)»(n*5,))(5b) ^ (K,P]A)(n*3a,n*56) 
= p^(0(P(n*5„n*5b)) - PA(e)(i^'), 

for any ^ G T{KerI[). 
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So, if Z e VxTT, then there exists ^ G T{KerU) such that Z = and 
therefore 

Hence, there exists a local real C°°-function Fj^ on A/ such that 



□ 



If P is a Il-projectable Poisson structure on A, then we may construct the 2- 
section P € r{A^A) of A characterized by 

(31) oTT = n(P'*(n*5)), for any a G r(2*) 
or equivalently, 

(32) P(5,3^)o7r = P(n*5,n*^), for any 5,/3 G r(l*). 

Proposition 4.4. Let (11, n) : A ^ A be an epimorphism of Lie algebroids. If P 
is a Il-projectable Poisson structure on A, then P is a Poisson structure on A. 

Proof. Let a G T{A*). Then, by using (4) one may prove that 

(33) iz5[P, P]^ = -Ptt(d^5) + [p«g^ p]^ 

where P'*(d'*5;) is the section of the vector bundle A^A M defined by 
P«(d^5)(A,S) = d^a{P%,P%), 

foranyA,3'2er(I*). 

From the equality (33) for the Poisson structure P and the 1-section Il*a of A, 
we deduce that 

(34) P«(d^n*5) = [P'(n*5),P]A. 
On the other hand, from (16) and (31) we deduce that 

(35) A2noP«d'^n*5 = P''d^ao7r. 
Projecting by 11, the equation (34) and using (35) we get 

(36) P^d'^aoTT = A^Ua[P^U*a,P]A. 

Since (11, tt) is an epimorphism of Lie algebroids, from (18) and (31) we also obtain 

(37) £^,(n-5)(n*^) = n*(/:4 J) for any ^ G r(I*). 



^^^^ p^(p«(n*s))(/o^) = /:^l,(n.s)(/°'^) = (4/)°'^ 

= p^(P«5)(/)o^, with/GC°°(M). 
This fact allows us to prove that 

(39) no[P«(n*5),P]A = [P'a,P]^o7r, 

by using (3). 

From (33), (36) and (39) we deduce that 



zs[P,P]^ = 0, 



for any a G r{A*). In conclusion P is a Poisson structure. □ 

Assume that N : A A is a Nijenhuis operator on A. N is said to be 11- 
projectable if 

N{Tp{A)) C Tp{A) and iV(r(/-i:ern)) C T{KerU). 
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Proposition 4.5. Let (n,7r) : A A be an epimorphism of Lie algebroids. If N 
is a H-projectable Nijenhuis operator on A, then 

(40) CfNiTpiA)) C r(A'ern) and N{T{KerU)) C T{KerU), 

for any ^ e r(A"ern). Moreover, if pA{I^erIl) = Vt:, then N is Il-projectable if 
and only if (40) holds. 

Proof. Assume that N is Il-projectable. For any X G Tp{A) 

Since NX e TpiA), [£„NX]a e T{KerU) and e r(/iern) (see Proposition 

4.1), then 

CfN{X) e r{Kern). 

Now we suppose that p^(/vern) = Vtt and that (40) holds. Consider a local 
basis of sections {^i,Xa} of A such that e r{KerIl) and Xa £ ^p{A). Then, 
X e Tp{A), implies that N{X) e Tp{A). Indeed, 

iV(X) = f^, + F^Xa with f\ F" local real C°°-functions on M. 

Hence, keeping in account that A^[^,X]yi e T{KerlV), wc have 

= Ilo{CfN{X))=Ilo{[^,NX]A^N{[C,X]A)) 

= Ilo{[^,NX]A)=Tlo{pAiOiF-)Xa). 

Therefore, pAiOiP") = for any ^ e r(A'ern). 

Let Z G KrTr, with x G A/. Hence, there exists ^ G r(i4rerH) such that 

z^PAiOix). 

Thus, we can conclude that Z{F'^) = 0, i.e. there exists a local C°°— function Fa 
on M such that 

Fa = FaoTr. 

□ 

If is a H-projectable Nijenhuis operator on A, then we can construct a new 
operator N: A ^ A a.s follows. 

(41) {NX)oTT ^Ua{NX) for any X G r(I), 

where X G Tp{A) is a projectable section such that YLoX = X ott. Note that 
N is well defined since X G rp(A) and therefore NX G rp(yl). Moreover, if X' 
is another section of A such that Ho A' = Ho A then A' — A G T{Kerir) and 
iVA = iVA'. 

From previous results, we give conditions for obtaining a Poisson-Nijenhuis struc- 
ture on the Lie algcbroid image of a Lie algebroid epimorphism. 

Theorem 4.6. Let (H, n) : A ^ A be a Lie algebroid epimorphism. Assume that 
(P, N) is a Poisson-Nijenhuis structure on A such that P and N are H-projectable. 
Then, (P, N) is a Poisson-Nijenhuis structure on A. 

Proof. We will show that N is compatible with the Poisson structure P. Indeed, 
firstly we show that 

(42) NoP^:^pKn*. 
From (31) and (41) it follows that for any a G T{A*) 

N{P^a)oTT = UoN{P'^U*a) ^UoP^N*{U*S) =UoP'^{U*N*a) ^P^{N*a)on. 
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On the other hand, using (8), (9) and the fact that (H, tt) is a Lie algebroid mor- 
phism, we get 

(43) Tfj{X,Y)o7T = IloTNiX,Y) foranyl,? Gr(I), 

where X,Y e r{A) are such that Xott = HoX, ? ott ^HoY. 
Finally, by using (19), (18), (31) and (41), we can prove that 

ii*[aj]p = [n*5,n*3']p, 

and 

As a consequence, 

(44) n*(c(p,7V)(5,^)) = c(p,iv)(n*5,n*^), 

for any 5,/? G T{A*). 

From (42), (43) and (44) wc obtain that (P, N) is a Poisson-Nijenhuis structure 
on A. □ 



n*[5,/?]^p- [n*5;,n*/3]Arp 
= [n*5,n*^]^*. 



The above result suggests us to introduce the following definition. 

Definition 4.7. Let (n,7r) : A ~> A he a, Lie algebroid morphism. We say that 
(n, 7r) is a Poisson-Nijenhuis Lie algebroid morphism if we have Poisson-Nijenhuis 
structures {P,N), {P,N) on A and A, respectively, such that 

(P«5)o7r = no(p«(n*5)), 

{NX)oTT = Ua{NX), 

for ah a e r{A*), X e T{A) and X e r(l) such that Xott = I1oX. 

The following result follows easily from Proposition 4.f and Theorem 4.6. 

Theorem 4.8. Let (n,7r) : A A be a vector bundle epimorphism. Suppose that 
([■, , Pa, P, N) is a Poisson-Nijenhuis Lie algebroid structure over A. Then, there 
exists a unique Poisson-Nijenhuis Lie algebroid structure on A such that (H, tt) is a 
Poisson-Nijenhuis Lie algebroid epimorphism if and only if the following conditions 
hold: 

i) The space Tp{A) of the Il-projectable sections of A is a Lie subalgebra of 

(r(A),[-,-y; 

a) r(kern) is an ideal ofTp{A) and 
Hi) P and N are Il-projectable. 



5. Reduction of a Lie algebroid induced by a Lie subalgebroid 

In this section we will describe, using the above results about reduction by epi- 
morphisms of Lie algebroids, the reduction of a Lie algebroid by a certain foliation 
associated with a given Lie subalgebroid. In the next section, we will use this 
construction for obtaining, under suitable regularity conditions, a reduced nonde- 
generate Poisson-Nijenhuis Lie algebroid from an arbitrary Poisson-Nijenhuis Lie 
algebroid through a suitable choice of the Lie subalgebroid. 

In this reduction procedure of a Lie algebroid, fundamental tools are the complete 
and vertical lifts of sections associated with a Lie algebroid. Firstly, we recall these 
notions and some properties about them. 
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5.1. Complete and vertical lifts in a Lie algebroid. Let {A,[-, , pa) be a 
Lie algebroid over a manifold M and ta ■ A ^ AI he the corresponding vector 
bundle projection. 

Given / S C°°{M), we will denote by and f" the complete and vertical lift to 
A oi f. Here and /" are the real functions on A defined by 

(45) fia) = pAia)if), r(a) = /(r^(a)), 
for all a ^ A. 

Now, let X be a section of A. Then, we can consider the vertical lift of X to A 
as the vector field on A given by 

X^a)^X{TA{a)):, foraeA 

where : ^TA(a) ^ Ta(^TA(a)) is the canonical isomorphism between the vector 
spaces A^^(a) and ra(A^^(a)). 

On the other hand, there exists a unique vector field X"^ on A, the complete lift 
of X to A, characterized by the two following conditions: 

(i) X^ is T-projcctable on pa{X) and 

(n) X^ia) = C^, 

for all a G V{A*) (sec [:',]). Here, if /3 S r(^*) then /§ is the hncar function on A 
defined by 

/3(a) = j3{TA{a)){a), for aU a e A. 

Complete and vertical lifts may be extended to associate to any section Q : A/ — > 
A'iA of the bundle A«A M a pair of g-muhivectors Q", : A ^ A«(rA) on A. 
These extensions are uniquely determined by the following equalities (see [■'>]): 

(46) {Q ARf ^Q" AR" + AR", 
and 

(47) {Q A R)" ^ Q" A R" , 

which are satisfied by any pair of sections Q : M A'^A, R : M ^ A^' A. 
A direct computation proves that (see [■'>]) 

(48) U,R-]^[Q,R]% [Q\R-] = [Q,RYa, [Q\R"]^0. 

Given X £ ^{A), we can also define the complete lift of X to A* as the vector 
field X*'^ over A* such that it is TA*-projectable on pa{X) and 

(49) X*-{Y) = [5i^A, 

for all Y e r(^) (sec [!]). Here Z, with Z e r(yl), is the linear map over A* 
induced by Z . In fact, the complete lifts of a section X E T{A) to A and A* are 
related by the following formula 

(50) X«(y)--^ (Yoip;), foranyyer(^) 

at \t=o 

where (pt: A A is the flow of X" G X{A) (see [1:3, IG]). 

Suppose that (a;') are coordinates on an open subset U of M, {ca} is a basis 
of sections of t^^{U) -> U and {e"} is the dual basis of sections of t^}{U) — >■ U. 
Denote by (x',?/") the corresponding local coordinates on t^^{U) and by {x^,ya) 
the local coordinates on t^}{U). Finally, let p]^ and C^^ be the corresponding local 
structure functions of A, defined by 

d 

PA{ea) = Pajr- and [e„,e/3]A = C^^e^. 
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If X is a section of A and on U wc have 

X ^ X°'ea, 

then the coordinate expressions of the hfts are given by 

_9 

'dx 
d 



(51) 



X" 
X*" 
In particular, 
(52) e\ 



d 



Pa 



-y^ + d^y^X^)—. 



dy'^' 
c 

dya' 



d 
dy"' 



d 



e-a = Pa 



dx' 



°'dxi 



dyp' 



5.2. Reduction procedure of a Lie algebroid induced by a Lie subalge- 
broid. Before describing this procedure, we prove the following general lemma on 
vector bundles which will be useful in the sequel. 

Lemma 5.1. Let tta - A ^ M a vector bundle of rank k and tt^ : B — > M' be a 
surjective submersion. Assume that there exist two smooth maps ^: A ^ B and 
(j): M ^ M' in such a way that the following diagram 




is commutative and such that 

1) (f) is a submersion; 

2) Va; S M, T^A^ix) — > ng^{<f>{x)) is a diffeomorphism and 

3) Vx, y € M such that (p{x) = 4>{y), 

^A^{x)^^~/{y) 

is an isomorphism of vector spaces. 

Then, ttb ■ B — > M' is a vector bundle of rank k and ($, (j)) is a vector 
bundle epimorphism. 

Proof. Let x' = <t>{x) G M' . Then, there exists a unique structure of vector space 
on the fiber 7r^^(x') in such a way that the diffeomorphism : Tr^^{x) — ^ 7r^^(x') 
is an isomorphism of vector spaces. Moreover, this structure doesn't depend on 
the chosen point x £ M. In fact, if y £ M and 4>{y) = 4>{x) = x' then, from the 
third assumption above, we deduce that the map o^j, : tt^ [x) tt^ [y) is an 
isomorphism of vector spaces. 

On the other hand, using that is a submersion and the fact that tia '■ A M \s 
a vector bundle, we have that there exists an open neighbourhood U (Z M oix £ M, 
an open neighbourhood U' C M' of x' G M' and two smooth maps s: U' ^ U and 
ip-.UxR''-^ TT^^iU) such that 

1) (jyos = ![// and s{x') = x. 

2) V is a diffeomorphism, tt^ □'0 = pri and for each y & U, ^y-. R'' ^ ^A^{y) 
is a vector space isomorphism. 
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Therefore we can construct a diffeomorphism 

as follows: '^{y\g) = ($ o Vjs(y'))(5) for (^''5) ^ U' x R''. Note that i^~\b) = 
(^7rB(&), (^'7(1^(6)) Moreover, if y' e U' it is easy to prove that 

^y, : R*^ — )■ TTg^iy') is an isomorphism of vector spaces. □ 

Let : A — > M be a vector bundle and {[■, , pa) he a Lie algebroid structure 
on A. Consider a Lie subalgebroid tb ■ B M oi A. Then, we have the following 
result. 

Proposition 5.2. 

1) The generalized distribution Pa{B) on M defined by 

Pa{B)x = Pa{Bx) Q TxM, for every x e M, 
is a generalized foliation. Moreover, 

dim(p^(i3)^) < ranks, for every x G M. 

2) The generalized distribution on A defined by 

J-f = {X"(a) + y"(a) I r(B)} C T^A, /or a £ A 

is a generalized foliation. Furthermore, dimJ"^ = dim(/9A(-B))TB(b) + 
ranki?, for b ^ B. Thus, if has constant rank then pa{B) also has 
constant rank. 

Proof. 

1) It is clear that pa{B) is a finitely generated distribution. Moreover, if 
X,Y ^ T{B) then, using that [X,Y]b = [X,Y]a, we deduce that 

[pa{X).Pb{Y)]^ Pa[X,Y]b 

which implies that pa{B) is an involutive distribution. Thus, pa{B) is a 
generalized foliation. 

On the other hand, if a; S M, we have that 

dim{pA{B)x) < dimi?2. = rankS. 

2) J'^ is a finitely generated distribution. In fact, let U be an open subset of 
M and {X,} be a basis of r(T-^([/)). Then, {Xf{a),X:^{a)} is a generator 
system of J^f , for all a G t^^{U). 

Moreover, since _B is a Lie subalgebroid of A, we deduce that J^^ is an 
involutive distribution (see (48))). 

Now, let 6 be a point of B^, with x G A/, and suppose that {va,Vf;} is 
a basis of B^, such that {pAiva)} (respectively, {vp}) is a basis of pa{Bx) 
(respectively, Ker{pA\B^))- Then, we can choose an open subset U of M, 
with X £ U, and a basis {Xa,Xp} of r(r^^(f7)) satisfying 

Xaix) = Va, Xp{x) = Vp. 

We complete the basis {Xa,Xp} to a basis of r(T^^([/)) 

{Xa,Xj3, Xa} 

Next, we will assume, without the loss of generality, that on U we have a 
system of local coordinates (x'). Thus, we can consider the corresponding 
local coordinates (a;% y", y'', j/°) on t^^{U). 
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Using (51), we deduce that 

for all a and /?. 
Therefore, 

dim Jff = dim(p^ (5)7-3(6)) + ranki? 



Remark 5.3. Note that if a e then (TarA)(J"f ) = Pa{Bx)- 



□ 



Assume that pa{B) and are regular foliations, i.e., they have finite constant 
rank, M/pa{B) and AjT^ arc differentiable manifolds, and 

tx:M~^MIpa(B)^M and HiA^A/J'^^A 
are submersions. 

We define tj^: A = AjT^ M = M/pa[B) such that the following dia gram is 
commutative 



A- 



A = AjT^ 



M- 



M = M/pa{B) 



The map is well defined. Indeed, if 'R{ax) = 11(03;') G AjT^ , with a^, S A^, 
0.x' £ A^i , X, x' G M, then there exists a curve a a ■ [0, 1] A continuous, piecewise 
differentiable, tangent to J-"^, such that (7yi(0) = a^, and cr^(l) = a^;'. Consider 
now the curve ctm = Ta : [0, 1] — M which results to be continuous, piecewise 
differentiable, tangent to pa{B) (see Remark 5.3), such that 

o'A/(0) = X and (Jm{1) = x'. 

Hence, 7r(x) = 7r(x'). 

Note that is a submersion since ta,TI and tt are submersions. On the other 
hand, we have a vector bundle t-a'- A = A/B — > M such that the following diagram 
is commutative 




M 



In fact, n is a vector bundle epimorphism. Therefore, we can induce a smooth 
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map 11: A/B — > AjT^ making commutative the following diagram 



A^AjB- 



A = AjT^ 



M- 



■M^M/pa{B) 



Indeed, if a'^ — ax ^ Bx, then we can consider the curve a: [0, 1] — >■ Ax defined by 

(T{t) = ax + t(a^ - a^). 
Note that cr(0) = ax and a{l) = ax'- Moreover, &{^) = (a^ — ax)^(tn) ^ '^a{to)' 
Hence, ll{ax) = n(a^). 11 is a smooth map since H : A ^ A = A/B is a submersion. 

In order to guarantee that is a vector bundle, we suppose that B satisfies the 
condition J-^ , i.e. 

ax,a'^ G Ax are in the same leaf of J-^ — a^^ G Bx ■ 

for any x £ M. Note that if a'^ — Ox (z Bx then Ox and are in the same leaf of 
J-^ . In order to prove that the condition J-^ holds it is only necessary to verify the 
other implication. 

Proposition 5.4. Assume that pa{B) and are regular foliations and that B 
satisfies the condition J-"^. Then, t^: A = A/T^ — )■ M = M/pa{B) is a vector 

bundle, the fiber of A over the point ■n{x) G M is isomorphic to the quotient vector 
space Ax/ Bx and the diagram 



A^A/B- 



■ A = A/T^ 



^M^M/pa{B) 

is a vector bundle epimorphism. In fact, the restriction of 11 to the fiber A^^ 

Ax/Bx is a linear isomorphism on A^(^xy 

Proof. We apply Lemma 5.1 to the following diagram 

A = A/B — ^ M 



A = A/T^ 



M = M/pa{B) 



Note that tt and are submersions. Then, for all x G M, T^iTiix)) is a regular 

submanifold of A and 7ii(a^)'''^^(^(2;)) = kerrn(a^)T^ for all Ox G Ax- 
We will see that 

n,: Ax/Bx ^T-^{i^{x)) 

is a surjective submersion. 
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Indeed, let Il{ax') G t~^{'k{x)). Then, T^(n{ax')) = n{x). Hence, ■k{x) = tt{x'). 
Therefore, there exists a continuous, piecewise differentiable path a: [0,1] ^ M 
tangent to pa{B) such that (t(0) = x and cr(l) = x' . In each differentiable piece we 
can find X g r(i3) such that a is an integral curve of pa{X). Assume, without the 
loss of generality, that the curve a is smooth and let -0 : x — >■ be the flow 
oipA{X). Then, tx{0) = x, 

^ p^[X){Mt)) 

and there exists io £ K such that ipto{x) = x' . Let (f:M.xA^Ahe the flow of 
X'^ e X{A). Since X^ projects on pa{X) we have that the following diagram is 
commutative for any t 




Hence ip-tf,{ax') G A^ and hence we have a curve ipa^, on A such that 

V?a^, (0) = ax' and ipa^,{-h) = ip-ta{ax')- Thus, 

H^H^((^_to(aa;')) = Xlx'{(p^tQ{ax')) = llx'{ax'), 

where H^, and H^^' (respectively, H^,) are the restrictions of H (respectively, H) to 
the fiber over x and x' . So, H^; is surjcctive. Moreover, using that the following 
diagram 



Ax I Bx 



rZ\n{x)) 




is commutative, we deduce that Tlx '■ Ax/Bx t~^('k{x)) is smooth. 

As a matter of fact H^, is a submersion, i.e., 

%a.)nx: Tj^^, JAx/Bx) ^ Tn(a.)(r^i(^(x))) 

is surjectivc. Indeed, let X £ Tn(a^)(T~^(7r(x))) ~ kerTn(a^)'r4- Then, since 
H: A ^ A — A/T^ is a submersion, there exists X 6 Ta^A such that 

(53) x = Tanix). 

Hence, 

O^Tn^a.)r^{X)^Tu^a.^{r^on){X)=TaA^.TA){X), 

i.e. Ta^TA{X) e kcrTxTT = Vxir = pa(Bx). 

From Remark 5.3, we deduce that there exists Y € such that 

Ta^TA(Y)=Ta^TA{X), 

or equivalently X - F e ker Ta^r^ = (ta) = Ta^Ax. 



REDUCTION OF POISSON-NIJENHUIS LIE ALGEBROIDS 



23 



Consider now n^i. : — > Ax/B^- Then, 
We will see now that Tjj^^ )n2;(VF2;) = X. In fact, 

Tuia.)^.{w.) = r,jn, on,)(x -Y) = TaMx - y). 

On the other hand, from (53) and since Y e J^^ , 

x^TaMx) = Tanix-Y). 

Therefore, Tjj^^^-^Ilx is surjective. Indeed, Tfj^Q^-jllj; is a linear isomorphism since 

dimrjj(^^)(A2:/S^,) = dim - dimS^^ 

and by using Proposition 5.2 

dimTjjj.^ ~^tZ^{tt{x)) ~ dim A — dimil/ 

~ dim A — rank J-^ — dim AI 
— dim Ax — dim ■ 

Thus, 

n,: ^rzi(^(x)) 

is a local diffeomorphism. Therefore (using that II^; is bijective). Tlx is a global 
diffeomorphism. 

Finally, if tt{x) — 7r(x'), it is clear that 



n;/on,: Ax/Bx^Ax>/Bx' 



is a linear isomorphism. 



□ 



Proposition 5.5. Under the same conditions as in Proposition 5.4, we can define 
a Lie algebroid structure on the vector bundle 



Tj: A = AjT^ M ^ M/pa{B) 



such that the diagram 



A' 



■A^AjT^ 



M- 



M^M/pa{B) 



is an epimorphism of Lie algebroids. 

Proof. Due to Proposition 4.1, it is enough to prove the following facts 
i) liX,Y € r'^{A) then [X,Y]^ e T^(A) and 
a) If X € T^iA) and Y e r(kern) then [X, Y]^e r(kern). 

Here T^ (A) is the space of Il-projectable sections. 

Note firstly that kerll = B (see Proposition 5.4 ). Then, we will prove that 

rn(A) ^{x e r{A) \ [x,y] e r(B), vr e r{B)}. 

Once we prove that, condition i) above follows by the Jacobi identity and ii) is a 
direct consequence. 
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Let X G rn(A) and Y e T{B). We denote hyi;:RxM~^M the flow of pAiY) 
and hy Lp: M.X A ^ A tlic flow of V G X{A). Using that V is r^-projectable over 
Pa{Y), wc deduce that the following diagram 




is commutative and that the couple {ipt,tpt) is a Lie algebroid morphism (see [13]). 
Note that 

(54) Uoiptiax) = 'n°ipa^ {t) ^Il{aj:) and tt oiptix) = t: o'ip,j.{t) = tt^x). 
On the other hand, X is H-projectable, thus there exists X G r(^) such that 

XoTT = Uc.X. 

Therefore, by using (54) 

iiixiMx)) - MX{x))) = x{7:{Mx))) ~ n(x(x)) = o. 

In consequence, there exists Zt G r(_B) such that 

x(Mx)) - Mx{x)) = ZtiMx)), 

i.e., 

{X-Zt)iMx)) = ^tiXix)). 
Thus, if : A* ^ A* is the dual map of ipt: A ^ A, it follows that 

X — Zt ^ X oip^ 
By derivation and using (50) we obtain that 

y«(x) = A (Xo^:) = -A z;. 

dr|t=o dr|t=o 

We denote by Z the section of B characterized by Z = ^^^_^Zt. By using (49) we 
deduce 

[xy'] = z 

so that [X,Y] G T{B). 

Conversely, let X G r(^) such that for aU Y G T{B), 

[X,Y]eT{B). 

We will see that X G Fp (A). In order to prove it, we introduce the map 

X:M = M/pa{B) -^A = A/F^ 

given by X{'k{x)) = Il(X(x)), which is well defined. 

In fact, suppose that x,x' G M with Tr{x) = Tr(x'). Then there exists a map 
a: [0,1] M continuous, piecewise differentiable, tangent to pa{B) such that 
ct(0) = x and a{l) = x' . So, in each piece there exists Y G r(_B) such that a is the 
integral curve of /9a(^)- Assume, without the loss of generality, that u is smooth 
and denote by ?/;t : R x M — >• Af the flow of the vector field paO^)- We have that 
there exists to G M such that 

i>to{x) = x' . 
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Now, let (fi : M. X A ^ A he the flow of the vector field V. Then, for each t G 
the following diagram 

ft 




is commutative. 

On the other hand, using that Y e r(i3), we deduce that there exists Z £ T{B) 
such that 

[X,Y]^Z. 

This implies the corresponding relation between the linear maps 



or equivalently 



(Y*y(x) = [Y,X] = -z 



at\t=o 



So, for each ti 

(55) (Xov.:) = 4, 

dr \t=ti 

where we have denoted by ^ the section of the vector bundle tb '■ B M which 
is characterized by Zt-^ = —Zoip^_^. Since X oip^ = X, by integrating (55) we have 

Xo^;^ ^x + Wt, 

for each <i e M with Wt^ E r(i?). Hence, we get the relation 
By applying 11 , we get 

Holft oX = HoX o^t 

Now, since the vector field Y'^ on A is tangent to the foliation J^^ , it follows that 
Hoipt = n. Therefore, 

UoX = UoXoipt 

which implies that 

UoX{x) ^UoXc^toix) = UcX{x'). 
In conclusion, X is well defined and X is Il-projectable. □ 

6. The Reduced nondegenerate symplectic-Nijenhuis Lie algebroid 

First of all, we will prove a result which will be useful in the sequel 

Proposition 6.1. Let {A, P, N) be a Poisson-Nijenhuis Lie algebroid. If I is a 
positive integer then the couple (P, A^') is a Poisson-Nijenhuis structure on the Lie 
algebroid A. 

Proof. It is well-known that is a Nijenhuis operator (see, for instance. Lemma 
1.2 in [S]). 

On the other hand, it is clear that 

(56) pKn*^^N^oPK 

In addition, a long straightforward computation, using (56), proves that 
C(P,7V')(/?,/3') = 0, for er(^*) 
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if and only if 

(57) (/:^,(^)7V')(X) = P\Cj,N*'p ~ foi- 1^ e T{A*) and X e T{A). 

Thus, we must prove (57). 

We will proceed by induction on I. Note that 

(/:^„(^)iV')(X) = {Cj,,^^p)N'-^){NX)+N'-^[P\p),NX]A - N\P^{P),X]a 
Therefore, 

{Ci,^^^N^){X) = PKC^xN*'-'fi)~PKCj,.^P)+N'-\PKP).NXU 
-N'[P^P,X]a 

Now, since 

PHcj^xl) = PHC^N*^) - {C%^N){X), for 7 e r(A*), 
we deduce that 

{Cj,,^p^N'){X) = PHCj,N*'p-C^^,^p)-{C%^^„_,pyN){X) 

which implies that 

{C%^p^N'){X) = P\CiN*'p - C%^P) - [P\N*'-^I3),NX]a 

+N[P»{N*^-^I3),X]a+N^-^[P»{I3),NX]a 

-N'[pi(3,X]A 

= P^{Cj,N*'P~C%^P) - [N'-\P^P),NX]a 

+N[N^~'^{P^I3),X]a+N^~^[P^I3,NX]a - A^'[P«/3,X]^ 

On the other hand, using that = Tn{N'-''{P'^/3), X) for 2 < r < I, it follows 
that 

-[N'~\P^/3),NX]A + N[N'-\P^/3),X]A + N^''^[P^P,NX]A-N^[P^f3,X]A = 0. 
This ends the proof of the result. □ 

Let {A, P, N) be a Poisson-Nijenhuis Lie algebroid. Consider now for any fixed 
X G M the endomorphism N^: A^. Recall [5, ^\ that there exists a smallest 

positive integer k such that the sequences of nested subspaces 

ImTV^ D ImiV^ D ... 

and 

keriV^ C keriV^ g _ 
both stabilize at rank k. That is, 

ImTV^^ =Im7V^*+i = 

and 

kerTV^^ =ker7V^*+i = .... 
The integer fc is called the Riesz index of at x. 

Lemma 6.2. // the Riesz index of N at x is k then 

A^ = ImN^ ® KerN^ 

Proof. It is clear that 

dim(/miVj^) + dim(ker7Vj^) = dim 



□ 



Next, we will prove the following result 



REDUCTION OF POISSON-NIJENHUIS LIE ALGEBROIDS 



27 



Proposition 6.3. Let {A, P, N) be a Poisson-Nijenhuis Lie algebroid with constant 
Riesz index k and such that the dimension of the suhspace kerA'^' (respectively, 
InvN^) is constant, for all x G M . Then: 

i) The dimension of the suhspace Im (respectively, kciN^) is constant, for 
all X e M. 

a) The vector suhhundles Vcr and ImN^ are Lie subalgebroids of A. 

Proof, i) it follows from Lemma 6.2. 

Since N'' is a Nijenhuis operator, we have that 

(58) [N''X,N''Y]a= N''[X,Y]j^k, for any X, F G r(A), 

where [•, -J^t is the bracket defined as in (9). Thus, ImiV'^' is a Lie subalgcbroid of 
A. 

Now, suppose that X,Y e T{A) arc sections of A satisfying N'^X = A^'^'F = 0. 
Then, using (9) and (58), we deduce that 

= [N''X,N''Y]a = N''[X,Y]Nk = -N^''[X,Y]a. 

Hence, [X,Y]a G r{kcrN'^'') = r(kerAr''). This implies that keriV'^ is a Lie subal- 
gebroid of A. 

□ 

Let {A, P, N) be a Poisson-Nijenhuis Lie algebroid with constant Riesz index 
k. Suppose that the dimension of the subspace keriV^ is constant, for all x G M. 
Then, we may consider the Lie subalgcbroid kcr N'' of A and the corresponding 
generalized foliations pA{keT N'') on M and J^^crTV ^ 

As in Section 5, we will assume that these foliations are regular and that the 
condition J^^^'^ ^ holds, that is, if a^^a'^ G A^ we have that 

a'r^ ~ ax ^ kcr N^^. ^ and Ox belong to the same leaf of the foliation T^" ^ . 

Under these conditions, the space A = A/T^"'^' of the leaves of the foliation 
jrkcrAf ^ jj^^ algebroid over the quotient manifold M = il//p^(ker iV*^') and the 
canonical projections n : A A = A/J"'""'^'" and n : M ^ M = M/ pAikci N'') 
define a Lie algebroid epimorphism 



A ^ A = AjT- 



■kcr 



M ^ M = M/pAikevN'') 

Note that ker E = kcr N'' and thus, 

Vtt = PA (kcr at'') = PA (kern). 

Next, we will prove that P and N are Il-projectable. Indeed, we have that 

NiT(kcrN'')) C r(kerAf'=). 

Moreover, if ^ G r(kcr A^'') one may see that CfN{Tp{A)) C r(ker A^'^). In order 
to prove this relation, we recall that 

TpiA) = {X G r(^) I [x,^]a e r(kcrA^*'-) ve G r(kcr AT'^)}. 

Now, if X G Tp{A) and £, G r(ker A^*^), we get 

N''{CfN{X)) ^ N''{[^,NX]a- N[^,X]a) = N''[^,NX]a. 
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By using the fact that N has zero torsion, it follows that 

(59) = iV'="i(7^(iV'="i^,X)) = -N''[N''^^^,NX]a 
Thus, from (59), we deduce that 

^ N''{TNiN''^^^,X)) = -N''+'^[N''-^^,NX]a 

and, since keriV'^+^ = kerTV*^, we obtain that 

N''[N''-^^,NX]a = 

Proceeding in a similar way, we may prove that 

n''[n''-^C,nx]a ^ N''[N''~^^,NX] = ■■■ = N''[^,NX] = 0. 

Therefore, C^N{X) e r(keriV'') and TV is Il-projectable (see Proposition 4.5). 
To see that P is Il-projcctable, we have to prove that (sec Proposition 4.3) 

(60) [e,P]^(rp(A*)) C r(ker7V'^-) V$ G r(ker7V'^-). 
From Proposition 4.2, 

rp{A*) = {aer{A*)\jCfa:^0, a(0=0, e r(kcriV'=)}. 
If a G Tp{A*) then 

7V'=(([C,P]A)»(a)) = N'it^l^^PU) = N'^i[i,laP]A - IcfcP) 

Hence, using Proposition 6.1, wc deduce that 

N\[£,,P]\{a))=P\CfN*^a). 
On the other hand, since a g Tp{A*), we get 

Cf{N*^a){X)^PAma{N''X))~a{N^[^,X]A) 

= CfaiN'^X) + a([C, N^X]a - iV^K,^]^) 
^a{[^,N'^X]A~N'^[^,X]A). 
Moreover, since the torsion of A^'^ is zero, we have that 

= TmitX) = -N''[^,N''X]A + N^\i,X]A, 

that is, 

[CiV^xi^ - 7V^K,X]a e r(ker7V'=). 

This implies that 

a{[^,N''X]A~N''[LX]A)^Q 

Hence, 

and (60) holds. 

Therefore, using Theorem 4.6, we have the following result. 

Theorem 6.4. Let (A, [•, , pA, P, N) be a Poisson-Nijenhuis Lie algebroid such 
that 

i) N has constant Riesz index k; 

a) The dimension of the subspace kei is constant, for all x e A/ (thus, 

B = ker A'^'^' is a vector subbundle of A) and 
Hi) Pa{B) and are regular foliations and the condition J-^ is satisfied for 
S = keriV^ 

Then, we may induce a Poisson-Nijenhuis Lie algebroid structure 
([■, ■]^,/ci^, P, TV) on A ^ AjT^ such that U : A ^ A AjT^ is a Poisson- 
Nijenhuis Lie algebroid epimorphism over n : M M ~ M/ pa{B). 
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In the particular case of symplectic-Nijenliuis Lie algebroids, we may prove the 
fohowing resuh 

Theorem 6.5. Let (A, [•, -J^ ^ pA,^, N) be a symplectic-Nijenhuis Lie algehroid on 
the manifold M such that 

i) N has constant Riesz index k; 

ii) The dimension of the subspace kcr is constant, for all x £ M (thus, 

B = ker is a vector suhhundle of A) and 
Hi) Pa{B) and are regular foliations and the condition J-^ is satisfied for 
B = keriV'^'. 

Then, we may induce a symplectic-Nijenhuis Lie algebroid structure on A with a 
nondegenerate Nijenhuis tensor, such that the couple H : A A = A/J-^ and 
t: : M ~> M — M/pa{B) is a Poisson-Nijenhuis Lie algebroid epimorphism. 

Proof. Denote by {P, N) the Poisson-Nijenhuis structure which is defined in the 
previous theorem. It remains to prove that P and A'' are nondegenerate. 

Firstly, wc show that TV is nondegenerate, i.e. that Nj^(_^-j : r^"'^(7r(a;)) — > T^^{n{x)) 
is an isomorphism, for all x G M. Consider the following diagram 



Ax *~ A^ 




where Tlx and IIj: are defined as in Section 5. Assume that N^(x)(^xici-x)) ~ 0. 
Then, 

n,7v,(n,(a,)) = 0. 

Since Ilx '■ Ax/keiN^ — s- T^^{n{x)) is an isomorphism, we deduce that 

Nx{Tlx{ax)) = 
or, equivalently IlxNx{ax) = 0, i.e. 

Ox e kcriV^+i = kcriVj^. 

It follows that 

Uxiox) = UxUxiax) = 0. 
In consequence, N.^(^x) is injective and thus, it is bijective. 

Now we show that P is nondegenerate. Denote by P the Poisson bisection 
associated with f2. Let aT^i^x) £ ^^(x) such that 

o = ^^(.)(S.(.)) = n,pj(n;5,(,)). 

Using that n^; : Ax/h:TNx Tr^(7r(2;)) is an isomorphism, wc deduce that 

^xPxCnla^^x)) = 0, 
i.e. P|(n*5^(2.)) e keriV^. It follows that 

= N^p^iKa^^x)) = pjiv;'=(n:5,(,)). 
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Since Px is nondegenerate, 

iv:^(n:5^(,)) = 0. ^ 

Note that iV*'^(n*5!jr(x)) = -^^\x)^'^'^{3:)) ^"^^ ^^sA: N is nondegenerate. Hence, we 
deduce that Sjr(2-) =0. □ 

Under the hypotheses of the previous theorem, we will denote by the symplectic 
section defined by u!' — — (P")-!. 

We summarize the two steps of the reduction procedure given in Theorems 3.3 
and 6.5 in the following theorem. 

Theorem 6.6. Let (A, [•, -J^ , pA, P, N) he a Poisson-Nijenhuis Lie algebroid such 
that 

i) The Poisson structure P has constant rank in the leaves of the foliation 
D = pa[PKA*)). 

If L is a leaf of D, then, we have a symplectic- Nijenhuis Lie algebroid structure 
([■, ■]^^ ,pA,,nL,NL) on Al = PHA*)\l ^ L. 
Assume, moreover, that 

ii) The induced Nijenhuis tensor Nl '■ Al A^ has constant Riesz index k; 
Hi) The dimension of the subspace ~ keriV^' is constant, for all x ^ L (thus, 

B = keriV| is a vector subbundle of A ); 
Hi) The foliations Pa{B) and J^^ are regular, where 

(-F^), - {X-{a) + Y-{a)/X, Y G T{B)}, for a e Al 

iv) (condition J^^) For all x G L, Ux ^ a'^ ^ Bx if Ox and a'^ belong to the 
same leaf of the foliation J-^ . 
Then, we obtain a symplectic- Nijenhuis Lie algebroid structure 
([■, -J^ , ,^L, N'l) on the vector bundle Al = Al/ J-^ — > L = Lj pAi^ {B) with 
Nl nondegenerate. 

We deal now with the particular case of a Poisson-Nijenhuis manifold (M, A, N) 
such that : A* ^ A has constant rank on each leaf L of the characteristic 
foliation D = A'*(r*A/) of A. If we consider the Poisson-Nijenhuis Lie algebroid 
{TM,A,N), then we can induce a symplectic-Nijenhuis structure {Pl,Nl) on the 
leaf L. If we suppose that Nl has constant Riesz index k and the foliation keriV^ 
is regular, then the leaf of the foliation J^^'^'^^l is the tangent space of the leaf of 
keriV|;. Therefore, the condition J^kcrw^ holds. Consequently, from Theorem 6.6, 
we have a symplectic-Nijenhuis structure with a nondegenerate Nijenhuis tensor 
on the reduced manifold L/ (kerN^). Thus, we recover the Magri-Morosi reduction 
process [14]. 

7. An explicit example of reduction of a Poisson-Nijenhuis Lie 

algebroid 

7.1. A G-invariant Poisson-Nijenhuis structure on the cotangent bundle 
of a semidirect product of Lie groups. Let Hi and H2 be two Lie groups with 
Lie algebras [)i and t)2, respectively. Assume that there is an action 0: Hi x H2 ^ 
H2 of Hi on H2 by Lie group isomorphisms and consider the semidirect product 
G = Hi H2 whose operation is defined by 

{hi,h2) ■ {h[,h'^) = {hi ■ h[,h2 ■ Hhi,h'^)). 

Note that H2 is a normal subgroup of G. The Lie algebra associated to G = 
Hi x^ H2 is g = [)i x$ ft,2 with the bracket 

[ (6 , 6 ) , (?7i , ?72 )] B = ( [Ci , ??i ] h 1 , * (6 , ??2 ) - * (?7i , 6 ) + [6 , ?72] f, 2 ) , 
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for all G f)i, ^2,f]2 e f)2, where $ = Ti^^-^^^^-^cj): f)i x f)2 f)2 is the action 

induced hy (f): Hi x H2 ^ H2- We remark that f)i is a Lie subalgebra and f) 2 is an 
ideal of g. Consider now M ~ T*G. It may be identified with G x g* as follows: 

M^T*G^Gx 0*, ag G T;G ^ (g,T;/g(ag)) G G x g*, 

where Ig: G ^ G denotes the left translation by 17 G G. Under the identification 
T*G = G X g*, the canonical symplectic structure of T*G 

n:Gxg*^{gxg*)*xigxg*)* 

is defined by 

((^, (e', ^')) = ^'(0 - AO + Kic, a,), 

for all G 0, tTjTt' G g*. Note that 57 is G-invariant. 

We define now on T*G a singular Poisson structure compatible with 51. Let 

T'g: = f)i x<E, (12 — > t)i 

be the canonical projection on the first factor. Then we have that f)i x Vg{i)l) ^ 
g x g* is a symplectic subspace of T(e_^)(G x g*) = g x g*. Indeed, let ^ G a G [)i 
be such that 

for aU ^' G /? G Hence, we have 

f^(e,,o {{^,v;{a)), {o,r;m) = m) = o ^ e = o 

and 

57(e,^) ((o,p;(a)), ie,r;m) = -a(r) = O ^ a = o. 

We consider now the symplectic subbundle 

T^^:{g,fi)eGxg* ^{TJg)Hji)xV;{t)t) = T(,.^)(/g, x 7'*(f)t)) 

cr(,,^)(Gxg*). 

We show that it is integrablc. A basis of sections of this subbundle is 

{{t,Co.)\^ei}uaeP*{l)l)}, 

where ^ is the left invariant vector field associated to ^ and Gq, is the vector field 
constant at a. The bracket of these basic elements is given by 

at, GJ, it', Cp)] ^ ([V, t'], 0) = 0). 
Since J^^_^ is symplectic, we have the decomposition 

T(r*G) - r(G X g*) = j-,f^ © (j-^^j^, 

where (J^^^)^ is the orthogonal to J-^^ with respect to the symplectic form ft. 
Now, we define a Poisson bracket {•,•}„ 1 in r*G as follows. For/,.g G G°°(r*G), 

{f,g},, = niPinf),Pin'^)) = v{H'^{f)) = {f,g]n Q{n'^){f), 

where V: T{T*G) and Q: T{T*G) (^[fj^ arc the symplectic projectors 

and {•, - jn is the Poisson bracket on T*G associated with the canonical symplectic 
structure of T*G. Here denotes the hamiltonian vector field of s G G'^{T*G) 
with respect to the canonical symplectic structure oiT*G. 
The symplectic foliation of {•, -jfu is J^,^ since 

where ' " ^ is the hamiltonian vector field of g with respect to the Poisson bracket 
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Keep into account that if e T*G and Lg is the leaf of J^,^ passing through 9, 
then we have 

where Lg : Lg ^ T*G is the canonical inclusion. Note that 

{iiPm?)\Mmvx)^n^LAn'l^i^^,rx)^difoig)iPx). 

Thus, 

{foig,goLg},,n = for aU f,ge C°^{T*G). 

Therefore Lg is the leaf of the symplectic foliation of {■, - jiTj through the point 9. 
It is clear that the Poisson bracket {•, - jfu is G-invariant. 
We now study the compatibility between {•, -jfu and {•, -jn- Wc know that 

{f,gU = {Lg}n-Q{'H'^){I). 

Next, we check that {/, 5}ii2 = Q{H^){f) is Poisson. 

Since and are G-invariant, then (J^,^)^ is G-invariant. Therefore for 
describing is enough to know {F^^)^{e, ^). A direct computation proves 

that 

(J-^^J^(e,M) = {(e,7r)e0xg* ICekerT', = -?r (M)|h J- 
where ^g*(/^) = ^ad'^fi. Hence 

= {K,^) e r,G* X 0* I {Tglg-^){v,) e kerP, ^1^, = 
The sections of (J^,^)^ arc of the form 

{{t,X) I e e kcrT', X G X(0*), = -eB.(M)|hi,VM e fl*} C X(G) X X{q*). 

and the brackets of them 

[{t,X),it,Y)] = i{{t,a[X,Y]) = ita„[X,Y]). 

with e kerT?, X,Y e X{q*) such that X{y){T)) = and ■K(At)(?7) = 

for all fJ. & Q*,ri ^ Here ?} : g* — > M is the linear function induced by 

V- 

Since S [)2 and [)2 is a Lie subalgebra of g, it follows that [^,^']g G t)2- If 
^ e g* and 77 G then 

[X,Y]{f,){fi) ^ X{fi){Y{fi)) -Y{^i){X{fi)). 

Moreover, Y{v){fj,') ~ Y{ji'){fi) = fJ-' {[£,' ,'i]]g)j for all /i' G g*. Therefore, keeping in 
account that f)i is an ideal in g we get 

y(A*)(x(,7)) = M[e',[e,»y]B]B). 

Hence 

Therefore is a symplectic foliation, so that we can consider the Poisson 

bracket {■, -lii^ associated to (J^,f^)^, given by 

{f,9U.^Qin^)if)- 

Thus {•,-}o and — I-,-}!!! are compatible, since 

{■,-}n + i-{;-U^) = {-rh.- 
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Consequently, we can consider the Poisson-Nijenhuis manifold {T*G, N), where 
N = and : T*{TG) T{T*G) is the morphism induced by the Poisson 

bracket {•, ■}t)i - Using that {•, - jfi^ is G-invariant, it follows that N is G-invariant. 

7.2. The Poisson-Nijenhuis Lie algebroid and its reduction. We consider 
the action of G on T*G = G x g* by left translations, that is 

G X (G X 0*) ^ G X g* 

(ff', {9,11)) ' — > {9' ■ 9,V)- 

and let tt: T*G — !> T*G/G be the corresponding principal G-bundle. Since f2 and 
A'^ are G-invariant, we can consider the corresponding Atiyah algebroid on 

ir: {T{T*G))/G — > T*G/G. 

We denote by ([•, •] , p) the Lie algebroid structure on n : {T{T*G))/G) ^ {T*G)/G. 

Note that r(7r) may be identified with the set X^{T*G) of G-invariant vec- 
tor fields on T*G and that if X £ X'^{T*G) then X is 7r-projectable. In fact, 
p{X) = {Ttt){X). Using Proposition 2.5, we obtain a Poisson-Nijenhuis struc- 
ture on TT which we denote by (A, TV). The foliation defined by the distribution 
D = p{K\{T*{T*G))/G)) has just one leaf which is the whole (T*G)/G, since 
n'^{{Q}{T*G))^) = X^{T*G) and these vector fields generate all the vector fields 
in T*G. In fact, A is nondegenerate on : {T{T*G))/G T*G/G. 

Next, we compute keriV. 

Let X G X^{T*G) be such that N{X) 0. Then, we have Af,^ ofl\X) = and 
hence n\X) G kerAf,^. Now, 

a G ker A{,^ ^ M^M) = ^(^"(")) = a G n\keTV). 

Therefore, keriV = (J^j^)^. Note that (7^,^)^ is a G-invariant foliation and hence 
it is regular. 

Let X G X^{T*G) be such that N^{X) = 0. Then, we have N{X) G ker AT = 
kerP. That is, n^{X) G (A"^ ^-^(kerP). Now, 

a G {Alj-^{kerP) A{,^(a) G kerT' ^ n\a) G kerT', 

since 17" = A{,^ + Af,, and A-l^ia) G kcrT'. Hence keriV^ = [T^fJ^. Therefore, the 
Riesz index is 1. 

We study now the foliation J^^cr 7V_ r^j^^ complete and vertical lifts of the sections 
of ker are complete and vertical lifts of G-invariant vector fields in T*G. Since 
keriV is regular, then J^^<^'^^ is regular. 

Then, if Lg is the leaf of ker N passing through 9, we have that the leaf of J-^'^'^ ^ 
passing through vg is 

ve + TLe = ve + {\J T.,Lg) ^ vg + { \J kciN{x)). 

x^Le xELe 

Note that the condition is therefore also satisfied and hence Theorem 6.6 

can be applied. 

Finally, note that this example can be generalized if we consider a Lie group G 
with Lie algebra g, f) a Lie subalgebra of g and Vq : g — > f) a projector (Pgii, = li,) 
such that kerPg is an ideal of g and V is linear. Thus, on T*G we can define 
two compatible Poisson structures (one of them being the canonical symplectic 
structure on T*G) and hence we can induce a Poisson-Nijenhuis structure on T*G. 
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